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Abstract
We review various aspects of the notion of scale applied to natural systems, in particular
complex adaptive systems. We argue that scaling issues are not only crucial from the
standpoint of basic science, but also in many applied issues, and discuss tools for
detecting and dealing with multiple scales. We also suggest that the techniques of
statistical mechanics, which have been successful in describing many emergent patterns
in physical systems, can also prove useful in the study of complex adaptive systems.

1. Introduction
One of the fundamental truths in the study of natural systems is that there is no single correct
scale on which to study dynamics. In ecological systems, processes (such as behaviors) at the
level of whole organisms represent the collective dynamics of cells (such as neurons) and
molecules operating on much faster time scales, largely shaped by evolutionary processes
operating over much longer scales of space and time. Similarly, organizations and economies,
societies and the Internet exhibit collective dynamics that emerge from the behaviors of
individual agents, mediated through levels of interaction and aggregation. The distinctions
among scales need not be sharp, as between individuals and their societies, but may represent a
continuous gradation, as in atmospheric phenomena, across many orders of magnitude. It is
thus of fundamental importance to recognize how our perceptual scales condition the way we
describe systems, how patterns change across scales, and how phenomena at different scales
influence one another (Levin 1992, 1993).
These pervasive scientific verities become of applied importance when attention turns to the
interactions among systems with different dominant scales of activity. The emergence of
antibiotic resistance, for example, has become a problem of overwhelming concern because
typical bacterial generation times are much shorter than those of humans; and what is perhaps
more relevant, resistance has arisen faster than we have been able to produce genuinely novel
antibiotics. Other disease-causing organisms, such as Plasmodium (the etiological agent of
malaria), influenza and HIV have also presented challenges to the development of treatments
because of similar mismatches in time scales.
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These examples make clear that, although we usually think of evolutionary change in
biological systems as operating much more slowly than in socioeconomic ones, the
interconnection between biological and socioeconomic systems brings these scales much more
into concord. Human activities have sped the evolution of antibiotic resistance, of pesticide
resistance in agricultural systems, and of heavy metal tolerance in plants. Harvesting practice,
similarly, has influenced the life history dynamics of fish species, selecting for those that
mature earlier, and at smaller sizes. Nor do we need to be reminded that human activities
increasingly are leading to extinction of species and to changes in the composition of our
atmosphere, again accelerating the scales of environmental change well beyond what we have
seen in previous centuries of human existence.
Disease management, global change and conservation of Earth's biodiversity are only some of
the spectrum of environmental issues that exist at the interface between natural systems and
sociopolitical ones. Models can play a fundamental role in informing decision-making, because
they allow the integration of processes operating at diverse scales. However, the art of
developing models to act across widely different scales of space, time or organizational
complexity involves more than just the inclusion of every possible detail, at every possible
scale. In the study of general circulation models, for example, building models with finer and
finer spatial resolution not only is limited by computational complexity; it also introduces
detail that can confound interpretation. The same applies to the analysis of any nonlinear
system, in which the challenge in moving across scales is not to include as much detail as
possible, but to find ways to suppress irrelevant detail and simplify system description (Ludwig
and Walters 1985; Levin 1991; Levin and Pacala 1997). No sensible scientist would try to
build a model of the behavior of an individual organism by accounting for the processes within
every cell, tied together in a network of interaction of numbing complexity. Similarly, no
sensible scientist should try to build models of ecological systems in which one reproduces the
behaviors of every organism, or even every species. The goal rather should be to identify
relevant detail, and to describe the dynamics of whole systems in terms of the statistical
properties of the units that make them up.
Methods of statistical mechanics permit extrapolation from the microscopic to the macroscopic
in many physical systems. To describe how water boils or ice melts, or how fluid flows, we do
not require detailed information on the atomic structure of the constitutive particles, or their
positions and movements. From the rules governing the movement of individual particles, we
can derive partial differential equations describing their collective behaviors. Indeed, such
models may be mathematically complex, yielding instabilities, chaotic dynamics and nonlinear
pattern formation. Nonetheless, they reliably capture the macroscopic behavior in terms of the
microscopic displacement of the particles.
In biological and socio-economic systems, deriving such macroscopic equations is also a
worthwhile goal, although much more difficult to achieve, despite recent progress (Durlauf
1993; Flierl et al. 1999). First of all, unlike physical systems, the underlying processes are not
well-described. Secondly, the range of actions of biological and economic agents, involving
rational and not-so-rational decision-making in the face of complex environmental signals,
adds a novel form of complexity, beyond the mathematical complexity of relatively simple
physical systems. Thirdly, and most vexing, the elements that make up biological and socio-
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economic systems cannot be well-represented as uniform ensembles of billiard balls. It is the
heterogeneity of these systems, and the importance of the continual infusion of new types of
unpredictable character, that sets these systems apart. These characteristics define complex
adaptive systems (Levin 1999, 2000), in which pattern emerges from the interplay between
processes that generate novelty and those that winnow that novelty, based on localized
interactions among self-replicating entities of diverse characters. Economies, societies,
ecosystems and the biosphere are prototypical complex adaptive systems.
Issues of scaling are fundamentally involved in the analysis of complex adaptive systems, in
which macroscopic behaviors of collectives emerge from microscopic interactions among
individual agents. In this paper we will direct attention to such complex adaptive systems,
across a range of applications. Individuals may interact locally by mechanisms of attraction
and repulsion, by exchange of biomass, energy, chemical compounds, financial currencies or
information; or by other forms of signaling. These processes engender phenomena at higher
levels, such as aggregation into herds or cities, cooperation and warfare, the development of
social norms and endogenous organization into societies and religions.
By focusing attention on emergent phenomena, we seek to explicate the mechanisms
underlying pattern. It might seem that theories developed for billiard balls might be completely
inappropriate as points of departure for describing the collective dynamics of conscious and
rational agents, such as humans. Nonetheless, the point is that many phenomena arise as
statistical regularities, independent of the fine-scale detail. Collectives then achieve status as
super-organisms, whose behaviors may not be conscious in the whole, but may be described as
if they were. One often hears market experts, for example, report that "the market was nervous
today," or similar expressions. Indeed, the notion that the market has real ceilings and floors is
not only an anthropomorphism, but is self-fulfilling if the individual agents that comprise the
market believe it. Financial crashes and recoveries, traffic jams, aggregation in animal
societies, are typical of the dynamics found in complex adaptive systems.
2. Scaling laws in natural systems
A convenient place to begin in the study of the effects of scale is to ask how one set of
variables changes in relationship to changes in others. In the small, of course, that is the stuff
of the differential calculus; but scaling laws seek to capture those relationships across a range,
and in terms of compact analytical relationships. Brock (1999) defines a scaling law as a
“common property of a set of plots of one quantity against another”. He furthermore reminds
us that Gell-Mann (1994, p97) attributes the admission to Mandelbrot that “quite frankly …
early in his career he was successful in part because he placed more emphasis on finding and
describing the power laws than on trying to explain them”.
In many applications, the search for scaling relationships has focused on length or time scales
as the primary variables, and asked how other variables change in relation. Mandelbrot (1975)
has illustrated the power of such analyses, demonstrating for example how the measurement of
the perimeter of a land mass, or a snowflake, or a cloud may vary in relationship to the length
of the measuring stick used. Following Mandelbrot (1975), we may ask what the length Lε of
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a coastline, when measured with a measuring stick of length ε, is. This length generally
increases steadily as ε decreases, suggesting that Lε only makes sense if one has specified the
scale first. The relation between Lε and ε is of the form Lε ≈ ε

−d f

as ε tends to zero, which

ln (Lε )
of the set (Hastings and Sugihara
ln (1 / ε )
1993). It is possible, and indeed quite easy, to give rules for the construction of “self-similar”
−d
sets, for which the above scaling law Lε ≈ ε f is in fact valid at all scales. An example is von
Koch’s snowflake (figure 1, Mandelbrot 1975). The existence of such relationships implies that
geometric concepts such as perimeter may not be absolutes, but make sense only relative to the
length scale used, so that there are no natural scales that must be employed. Such scale-free
phenomena are ubiquitous in Nature, and beg explanation. They are characteristic of critical
phenomena in physical systems, but can also arise in other ways, as for example in the
development of bronchial networks (Barabási et al. 1996, West et al. 1997).
allows us to define the fractal dimension d f = lim
ε →o

In ecological systems, such scaling relationships in regard to length (or area or volume) are
among the most robust empirical generalizations found. Particularly influential have been
allometric relationships, which govern the dependence of variables such as metabolic rate on
body size; species-area curves, which relate the number of species found to the area of study;
and self-thinning laws, which for example relate the total biomass of a forest to the mean size
of the trees.
The relationship between metabolic rate M and body mass B is a well-documented one, often
fitted by a power-law function (Calder 1984, Peters 1983, see figure 2):
M ≈ aB b
When plotted on log-log paper, M is a linear function of B, and the straight line has a slope b.
The coefficient a varies across the life forms, and the exponent b between 2/3 and 3/4. The
exponent 2/3 can be justified for endothermic animals by the equilibrium between the thermal
energy produced, proportional to the metabolic rate M, and the energy that can be dissipated,
proportional to the body area, which scales as length squared if shape is preserved. Since the
body mass is proportional to length cubed for constant shape, one should expect M ≈ aB 2 / 3 .
On the other hand, arguments have been presented in favor of the 3/4 law for aquatic
organisms (Niklas 1992), and more generally (West et al. 1997). We shall return to these
arguments when we discuss scaling laws from an evolutionary perspective.
Trees have been much studied in the context of allometric relationships. The relation between
tree height and stem diameter, for example, is mechanically constrained. Indeed, a tree cannot
only grow in height (primary growth), for the stem would be unable to prevent it from
buckling. The maximal height H reached for a stem diameter D can be found by means of
dimensional analysis. The torque exerted on the tree by wind, or some other destabilizing
factor, is proportional to H3, while the elastic force is proportional to the cross-sectional area of
the stem, D2. Equating these two forces yields H ≈ aD 2 / 3 . In competitive environments, such
as tropical rain forests, trees often attempt to maximize their height and their form factor is
only limited by buckling (O’Brien et al. 1995). A similar allometric relationship has also been
found for the largest trees in the US forests (McMahon 1975). Likewise, a relation between
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tree mass and diameter of the form B ≈ aD b has been suggested. While a simple dimensional
analysis suggests that b should be 3, Enquist et al. (1998) have shown that the exponent 8/3
may be more appropriate. Indeed, empirical analysis using more than 300 tropical trees yields
an even smaller value (b = 2.42, Chave et al., 2001).
Species-area curves probably are the most famous empirical generalization in ecology. It has
been long observed that the number of sampled species increased when the survey area was
increased. In the beginning of the twentieth century, Arrhenius (1921) suggested that the
allometric dependency of species number with area should follow a power law S ≈ cA z . Since
then, an impressive body of studies has sought to test this relationship in a large variety of
systems and have found values of z ranging between 0.1 and 0.4 (Connor and McCoy 1979,
Rosenzweig 1995, figure 3). Such power-law relations clearly imply self-similarity, and
provide attractive generalizations (see for example Harte et al. 1999). Yet, recent studies
(Condit et al. 2000, Plotkin et al. 2000, May and Stumpf 2000, Crawley and Harral 2001)
question the universality of these relations.
In physics, scaling laws have similarly received much attention. Ohm’s law, which predicts a
linear scaling of the electrical potential when the electrical intensity through a conductor is
varied, has never been rigorously proved, but emerged as a robust experimental result during
the nineteenth century. The critical behavior of physical systems near a transition point has also
yielded important experimental results. The susceptibility, a measure of how sensitive the
system is to small perturbations near the transition, scales with the distance to the transition.
Examples of such systems are water near the boiling point, iron becoming spontaneously
magnetized, or the transition to superconductivity.
In economics, the use of scaling laws has also been highly informative, especially since the
work of Zipf (1949). Zipf’s law states that city size decreases in inverse proportion to its rank
(Makse et al. 1995). Other power laws have been applied to the distribution of the sizes of
firms (Gibrat’s law, see Ijiri and Simon 1977, Amaral et al. 1997, Brock 1999), ofpersonal
income (Pareto's law) and of stock market gyrations. Indeed, the scaling of market fluctuations
with the size of the temporal window is the basis for options pricing. Pareto’s law (Pareto
1896, see Mandelbrot 1963) states that the density of individuals with incomes greater than u
satisfies the form f (u ) ≈ cu −α , where α is a scaling exponent. MacAuley (1922) criticized
Pareto’s generalizations on several grounds, pointing out that the exponent varies among
countries, and disputed its validity for small incomes. Still, it remains a popular notion.
3. Detecting scales

Finding the relevant scale of description is an important step in the theoretical analysis of a
natural system. Usually, only a few scales are relevant, each corresponding with one process
that drives the dynamics of the system. In many cases, the investigator must perform rather
sophisticated analysis of data to detect the relevant scales in the system of study, and we give a
few examples of these techniques.
Detecting relevant scales is of crucial importance in areas such as econometrics. If one is able
to find the regularities in financial data, an advantage will be gained in attempting to predict
5
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the future evolution of the market. The science of financial markets has witnessed a very rapid
development during the 1990s (for an introduction, see Mandelbrot 1997, Mills 1999;
Bouchaud and Potters 2000). Financial markets are a good example of complex adaptive
systems, and data are widely available. Figure 2 (top, left) displays Standard & Poor’s 500
financial index (daily data normalized by the annual average). We use these data to present
some of the techniques used to detect relevant temporal scales. Clearly, this signal is not purely
random, as one can see from the histogram (figure 2, bottom, right), which is skewed to the
right.
In order to detect temporal scales in this signal, one usually uses the correlation function:
2
C (τ ) = f (t ) f (t + τ ) − f (t ) ,

where the brackets denote the time average. C (τ ) gives the probability that the signal is
identical at two instants separated by a time lag τ. The function does not depend upon t if the
studied time process is stationary. In figure 2 (bottom, left), we have plotted C (τ ) normalized

by the variance of f, f (t ) 2 , so that C (0) = 1 . Many processes have a “finite memory”; that is,
the corresponding correlation function falls off exponentially as τ goes to infinity. For these
types of processes, one defines the correlation time as
C (τ ) ≈ exp(− τ / T )
For the S&P500 data, we find T = 421 business days. Beyond this time, one can assume that
the events are perfectly uncorrelated. For time lags much smaller than T, on the contrary, one
can assume that there has been no loss of memory. For further discussion of scales in finance,
the reader is referred to Mandelbrot (1997).
Many time series show a certain level of periodicity. These may be caused by exogenous
forces, such as climate fluctuations, or by biotic fluctuations, such as prey-predator cycles. An
appealing idea is to decompose a signal into weighted sums of oscillating functions with
different periods, for example sine or cosine functions. This procedure is the Fourier
decomposition. A Fourier spectrum (figure 2, top, right) gives the relative magnitude of the
different frequencies in a signal. There should be only one peak if the function is a sinusoidal.
In our example, we see that the frequencies have the same magnitude from 0.1 to around 0.4
(in year units, 1 yr = 270 business days), and then fall off as a power law. This suggests a first
temporal scale of around 100 business days.
These techniques also apply for spatial patterns. Fourier transforms can be used for
multidimensional data, or along a predefined direction. Spatial correlation functions are also
easily defined. In fact many other techniques have been developed in the context of pattern
recognition and image processing. One of the most interesting of these techniques is the
wavelet transform. The wavelet transform compares with the Fourier transform in that the data
(often multidimensional) are decomposed into a linear combination of simple orthonormal
functions φ i ( x) ; that is, functions such that ∫ φ i ( x)φ j ( x)dx = δ (i − j ) , where δ (i ) = 0 if i ≠ 0

and δ (0 ) = 1 . However, instead of using sine or cosine functions to form an orthonormal basis
as in the Fourier transform, wavelet transforms use functions parameterized by a scale factor.
In other words, while the Fourier spectrum informs one about the magnitude of a certain
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frequency in the pattern, the wavelet spectrum informs about the magnitude of a certain scale
in this pattern. Therefore, this is a very natural tool to detect spatial scales in an image.
4. The adaptive significance of scale

We now turn our attention to the evolutionary consequences of scale in biological systems.
Mechanical and thermal constraints for maintenance of life and for reproduction of biological
organisms are at the core of the theory of natural selection. D’Arcy Thompson first brought
forward the relation between design and mechanical constraints for organisms. The shape of a
bone and the size of a tree are the result of evolutionary optimization within a game-theoretic
framework. Observed allometric relationships therefore are the products of evolution as well,
and expose implicit tradeoffs and constraints.
Following this idea, authors such as Niklas (1992) and West et al. (1997) take an engineering
approach to explaining observed allometric relationships, with remarkable success. They
hypothesize appropriate constraints and optimization principles (in terms of efficiency), and
from them derive observed relationships. For trees, one constraint is that the tree should be
area-preserving; that is when it branches, the cross-sectional area before the branch equals the
total cross-sectional area beyond the branch (Shinozaki’s pipe model, Shinozaki et al. 1964,
Enquist et al. 1999). However, such a choice of constraints can be criticized (Horn 2000), and
comparison with real data is often difficult (Schmidt-Nielsen 1984). In addition, as Jacob
(1977) has pointed out, evolution does not optimize, but tinkers; furthermore, all evolution
takes place within the context of other types, which argues for game-theoretic approaches.
Despite these caveats, this theory has been astoundingly successful.
Scale and the evolution of dispersal

Environments vary and the degree of variation depends upon the temporal and spatial window
of observation. A wise investor considers this in her strategies, and manages portfolios by
widening the window of investments to spread risks. Evolution takes a similar path to reduce
the risks that organisms face, for example by spreading risks through dormancy or dispersal.
The reproduction of plant species is highly limited by the dispersal stage. Plant species exhibit
a vast spectrum of dispersal strategies to address this problem. Some species invest in a few
large seeds, dispersed nearby the parent plant, while some species produce a tremendous
amount of seeds that can be dispersed far. In a tropical forest of French Guiana, the smallest
seeds are less than a milligram (e.g. Cecropia spp., Cecropiaceae), while some are well over a
kilogram (Couroupita guianensis, Lecythidaceae). The diversity of strategies is evidence of the
fact that there is no single optimum strategy, but rather that adaptations occur within a gametheoretic framework.
While most propagules are dispersed near the parent plant, a few centimeters for weeds to a
few meters for trees, some are dispersed far away. Short-distance dispersal is mostly driven by
gravity. In contrast, long distance dispersal is mostly mediated by animals (Fragoso 1997),
wind (Nathan et al. 2000) or water (Whittaker et al. 1989). At the plant scale, the adaptation of
the dispersal mode to environmental constraints is crucial for reproduction. At the stand scale,
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dispersal patterns control the spatial distribution of species and their coexistence (Hubbell
1997, Pitman et al. 1999, Chave et al., in review).
At the landscape scale, dispersal controls the dynamics of ecological succession after major
disturbances. For example, after the last glacial stage (18,000 radiocarbon years before
present), forest tree species migrated northwards in North America. The rate at which this
process occurred has puzzled scientists for decades, because they assumed that the expansion
of the range of a species should occur gradually, as a result of multiple short-distance dispersal
events (Skellam 1951). The rapid spread, however, has its explanation in rare occurrences of
long-distance dispersal events as evidenced by Clark and collaborators (1998). In fact, the
importance of long distance dispersal had been perceived much earlier for the founding of new
genetically isolated populations (Wright 1943), for the spread of epidemics (Mollison 1995),
and for the dispersal of pest species (Andow et al 1990).
At the regional and continental scales, seed dispersal is an important factor in determining
plant species distributions. For example, many neotropical plant species are endemic to a subregion. Gentry (1992) estimated that, in each of the 9 phytogeographic regions in Central and
South America, plant endemism was greater than 50 % (except in the coastal zone of
Colombia). This endemism cannot be explained only by the variety of environmental types, as
evidenced by Prance in several speciose families such as Chrysobalanaceae (Prance 1973). In
principle, mathematical models of long distance dispersal allow for dispersal events over any
scale. However, the frequency of large-scale dispersal events is very low. If a seed is dispersed
hundreds of kilometers away from any conspecific tree, and it does not die in the juvenile
stage, this individual will be the founder of a new population, genetically isolated from the
parent population, and therefore likely to initiate speciation (Brown and Lomolino 1998,
Nathan 2001).
Dispersal is a form of exploration conditioned by the scales of variation in a system. There is
direct analogy here with the investment strategies or the degree of risk-taking in the
management of organizations. Innovation is advantageous in a changing environment; how
advantageous depends upon the scales of environmental variation.
Scale and marine organisms

Life in (moving) fluids presents fascinating challenges (Vogel 1994). Swimming organisms
span a huge range of body sizes, from bacteria to whales. We shall focus on the evolutionary
significance of this variation in the next section; but for the moment, we seek to understand
what it means for the organism, to live in a moving environment.
The dynamics of fluids are fully described by a well-known set of partial differential equations,
the Navier-Stokes equations (Batchelor 1953). One can accurately predict the flux of water
transported though a pipe when the water velocity V is known. Yet, as the velocity increases,
the flow becomes turbulent. The reason for this transition is that two processes are operating at
the same time. At small velocity, the momentum flux carries water in the pipe along linear
streamlines (laminar flow). At high velocities, however, the laminar flow is destabilized by
frictional forces. Dimensional analysis of the Navier-Stokes equations, which govern the
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dynamics of the fluid, gives an insight to this problem. To illustrate this, consider the NavierStokes equation, in one dimension, in the absence of gravitational effect or pressure:
∂V
∂V
∂ 2V
+V
−ν 2 = 0
∂t
∂x
∂x
in which t is time and ν is the viscosity (coefficient of friction). This equation describes the rate
of change of velocity, ∂V ∂t , as a function of the spatial profile of this velocity. The
momentum flux is the term V ∂V ∂x , and has the dimensions of V 2 / L , where L is the crosssection of the pipe. If x is measured in meters and V in meters per second, the frictional term is
ν ∂ 2V ∂x 2 , which has the dimensions of νV / L2 (ν has units square meters per second). The
ratio of these two quantities is a basic scaling parameter, the Reynolds number
V 2 / L VL
=
Re =
νV / L2 ν
Re has no dimension. A laminar flow is observed for Re < 2,000 in a typical water pipe, while
turbulence is usually observed for Re > 40,000.
The Navier-Stokes equations are simply balance equations. One can incorporate many other
processes that drive the fluid dynamics, such as the change in pressure (this would be an
additional term 1 ρ ∂P ∂x , where P is the pressure and ρ the density), or the gravity (–g, which
is the acceleration constant). Therefore, the relative magnitude of the other processes at work
can be summarized into other non-dimensional numbers, like the Reynolds number.
The analysis of the Navier-Stokes equations in the turbulent regime poses a formidable
mathematical challenge. An intriguing property of the turbulent regime is that eddies dissipate
the energy over a broad spectrum of scales. This is often described in a temporal context, since
air sensors are static. The energy-frequency spectrum E (ω ) - that is, the energy dissipated for
a given frequency ω, - is (Kolmogorov 1941, Batchelor 1953, Frisch 1995)
E (ω ) ≈ ω −5 / 3
This scaling relationship can be translated in a spatial context, since large eddies are those that
are rare (low frequency ω) and that therefore dissipate the largest amount of energy E (ω ) . The
Kolmogorov – 5/3 scaling law has been observed in a large number of real fluids. The
turbulent regime is chaotic: in a turbulent fluid, two configurations infinitesimally close
initially diverge exponentially fast. Although the system is governed by deterministic (NavierStokes) equations, the rapid divergence of initially similar states occurs. To further illustrate
the difficulty of analyzing the Navier-Stokes equations, let us mention that the existence or the
non-existence of “blow-up” solutions in the three-dimensional problem (tornado-like solutions)
is still not established, and recent work suggests that no such singular solution exists (Ya.
Sinai, unpublished results). The study of turbulent fluids is of paramount importance for the
current challenges of oceanic and atmospheric sciences. Indeed, these equations govern the
dynamics of both environments and they constitute the core of most globally coupled models
of ocean-atmosphere interaction (Stull 1988).
Obviously, it makes a big difference whether the surrounding environment is turbulent or if it
is not for a swimming organism. Since both velocity and size increase with body weight,
minute organisms live in a laminar and indeed quite viscous liquid, while fish live in a
turbulent fluid. Sub-millimetric animals displace themselves using flagella; they use the same
9
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technique as snakes on the ground. This is not to say that these animal cannot move large
distances; they can easily be carried by streams. In contrast, large fish have a highly optimized
design. A most important optimization constraint, in this case, is the minimization of the
energy needed to displace the fish’s body, a quantity called the drag. This is why fish have an
aerodynamic shape, and well-designed body surfaces (Vogel 1994). Constraints are different
for flying animals. Drag is not a crucial issue, because of the low density of air, but they must
overcome gravity. Flying devices are wonderful instances of evolutionary design. The
technical solutions are varied, from insects propelled by small wings, flapped at high
frequency, to large birds, which take full advantage of wind upwelling streams.
So far, we have considered the consequences of living in a moving fluid for a single organism;
but at the level of a community of organisms, environmental constraints also have deep
implications. For example, birds often assemble in geometric, vee-shaped groups, during their
migration flight. This technique reflects community-level optimization: birds reduce their
energy expense globally by this formation. This emergent pattern is therefore intimately related
to the physical properties of the environment. Numerous examples reinforce this observation
for other organisms, such as the clustered large-scale distribution of zooplankton in the ocean,
likely due to a response to physical or chemical conditions (Levin et al. 1989), or the multiscale distribution of tree species in tropical rainforests (Plotkin et al., in prep.). Importantly, the
explanation for observed spatial distributions may differ across scales, say with exogenous
forces dominating on broad scales, and endogenous forces on small scales. Spectral analysis
shows a –5/3 scaling on broad scales, typical of turbulence, but much flatter distributions on
finer scales (Levin et al. 1989).
Spatial aggregation is a property of interest not only to ecologists, but to economists and other
social scientists as well. Recently, Flierl et al. (1999) used numerical techniques coupled with
methods of statistical mechanics (see section 5) to investigate the role of local interaction
among organisms as an important cause of pattern formation in communities of marine
organisms. We return to this in section 6.
5. Power laws in physical systems: how do they arise?

A number of theories have attempted to provide a better understanding of the conspicuousness
of power laws in Nature. Most of them, for example the idea of self-organized criticality, are
closely related to the fundamental concept of critical transitions.
Critical systems and renormalization

When one heats water to the boiling point, or cools steel down to the Curie temperature, the
system undergoes a dramatic transition, whence the term “critical”. The state of water changes
from liquid to gas, whereas steel below its Curie temperature has a spontaneous magnetization
(Stanley 1971, Yeomans 1992, Binney et al. 1992). In this case, the transition is from an
ordered state (liquid, ferromagnet) to a disordered state (gas, paramagnet). In the words of
Kauffman (1993), the transition point is a “sweet spot” between a too-ordered system and a
too-disordered one. It has been observed experimentally that, in the vicinity of the transition,
many physical quantities vary according to a power-law as the parameter varies (Stanley 1971,
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Binney et al. 1992). A conceptual breakthrough in the study of these systems was the
realization that although a vast number of such transitions are observed in Nature, they all fall
into a few classes, referred to as universality classes.
The simplest example of critical transition is encountered in porous media or fractured rocks
(Broadbent and Hammersley 1957). The question is ‘What is the chance that water will
percolate through the medium?’ Obviously, this question is related to the fraction of accessible
pores in the medium. To model this system, it is helpful to think of a lattice with open and
closed bonds. Let us consider a taxi driver in Manhattan, New York. He wants to drive from
the upper side to the lower side, without respect for the one-way signs, and without knowing its
direction beforehand. However, 1 − p of the streets are jammed. Then, it can be shown that the
taxi driver succeeds in his enterprise if only if p ≥ 1 2 (Kesten 1980). This result actually
holds only in the limit of an infinite system size. The probability of percolation, when p is just
β
slightly larger than ½, behaves as ( p − 1 2) , where β=5/36, and a set of exponents
characterizes this transition. At criticality, that is at p = 1 2 , the set of occupied bonds is
fractal, and the fractal dimension is d f = 91 / 48 . A very useful approximate scheme makes full
use of this scale invariance: It is the renormalization procedure. Since the system is scaleinvariant, its properties at criticality should not be much changed when the scale unit is varied.
Therefore, let us take a scale twice as large (Reynolds et al. 1977). In figure 5, we show how
open and closed bonds can be redefined by using a larger unit of measurement. After the
transform, blocks of 2x2 bonds are considered as a single bond, either open (if the underlying
2x2 network is open) or closed. Thus, knowing the fraction of open bonds p1 at scale k = 1 , we
find the fraction of open bonds p2 at scale k = 2 . The relationship is in general valid from
scale k to scale k+1, and it reads
5
4
3
2
2
3
p k +1 = p k + 5 p k (1 − p k ) + 8 p k (1 − p k ) + 2 p k (1 − p k )
The equation here deals explicitly with scale, for it relates the state of the system at scale k to
its state at scale k+1. The key observation, made by Kadanoff (1966), is that the system at
criticality should be scale invariant, so that the critical p should be a fixed point (i.e. a stable
root) of the above equation. The only fixed point of this equation is at p = 1 2 . This threshold
usually depends on the choice of the renormalization scheme; the fact that p coincides with the
exact threshold is fortuitous. One can also use this equation to estimate a wealth of critical
exponents. Moreover, a fascinating correspondence between the percolation problem and a
model of dynamic critical transition, the Ising model, has been found (Fortuin and Kastelyn
1972). The study of the static model of percolation therefore provides valuable information on
the equilibrium state of a dynamical system.
The techniques of the renormalization group were first developed as a technical tool in
quantum field theory (Bogoliubov and Shirkov 1959), where most of the theory can be dealt
with in an abstract space (Fourier space). In contrast, Kadanoff’s renormalization is referred to
as “real-space” renormalization (Wilson and Kogut 1974). The notion of critical transitions is
of great potential interest, both in ecology and in economics. In both disciplines, the spatial (or
more abstract) organization of individual agents into interacting networks can determine the
emergence of patterns (cities, aggregations of animals, human societies, trophic webs) and
thereby influence fundamentally the flows (capital, information, energy, disease). Thus,
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extensions of the Ising model, such as intyeracting particle systems, have become the objects
of quantitative study in examining these problems (Durrett and Levin 1994).
Self-organized criticality
As just discussed, empirical studies have shown that when a parameter (temperature,
occupation of the percolation lattice, reproduction rate) is tuned near the transition point, these
systems become insensitive to the scale of study; that is they become scale-invariant. Bak,
Tang, and Wiesenfeld (1988), have suggested that complex systems of interacting agents
“evolve naturally towards a critical state, with no intrinsic time or length scale”. For example,
a pile of sand constructed by slowly adding one grain of sand at a time, eventually reaches an
angle for which the addition of one grain can cause an avalanche. They have sought to apply
this idea to systems as diverse as earthquakes (Sornette and Sornette, 1989), the species
extinctions observed in the fossil record (Bak and Sneppen 1993), and forest fires (Malamud et
al. 1998). Kauffman (1993) has suggested that such concepts should also apply to economic
and social systems. Ecosystems and societies, however, are not sandpiles; they are made up of
heterogeneous assemblages of individual agents interconnected through irregular networks.
Although valuable as a concept, self-organized criticality is too simplistic a notion for most
natural systems (Levin 1999).
Criticality in ecosystems
The classical model of the dynamics of a single species is the Verhulst equation
du (t )
= bu (t ) − mu (t ) − au (t ) 2
dt
In this, individuals produce offspring at a rate b, and die at a rate m ( b > m ). The population
reaches its carrying capacity u * = (b − m) / a , after an initially exponential growth. Such a
model also applies to the growth of the population of a city. The borderline region where the
reproductive ratio R0 = b m is close to one is often observed in real communities. Exactly at
R0 = 1 , the population undergoes a critical transition and exhibits non-trivial properties. For
example, P(t), the population’s survival probability, decreases as P (t ) ≈ 1 / t . In addition, for
c

the model on a lattice with limited distance dispersal, R0 should be at least R0 > 1 (Harris
1974), and it is observed numerically that
P (t ) ≈ t −δ
where δ=0.451 in two dimensions of space. Note that the non-spatial theory predicts δ=1. Also,
starting from a small population cluster, the number of individuals grows over time as
N (t ) ≈ t θ , with θ=0.230. One may also wonder how an initially small population cluster
spreads over time. The radius R(t) (averaged over surviving populations) also grows as a power
law of the time R(t ) ≈ t 1 / z , with z=1.73 in two dimensions (z=2 in the non-spatial model). The
three exponents δ, θ, and z are independent of each other, and are related to other exponents,
such as the fractal dimension of the set of occupied sites, d f = zθ / 2 . A recent review of this
theory is given in Hinrichsen (2000). Figure 1 shows the spatial patterns. Note that the simple
on-lattice population model depicted above also undergoes a critical transition around
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c

R0 = R0 , belonging to the so-called “directed percolation universality class”. This universality

class is characterized by a set of scaling exponents, among which are δ, θ, and z. Indeed,
virtually any quantities satisfy power laws near the critical point, and the behavior of many
c
quantities in the vicinity of the critical point are given by functions of R0 − R0 . These
exponents take non-trivial values in low-dimensional system (dimension d=1 to d=4), and they
are related by a relationship between exponents, referred to as the hyperscaling relation
(Grassberger and de la Torre 1979)
d
θ = − 2δ
z

(

)

When more than a single species is present in the community, interactions drive the important
processes, and shape community-scale patterns. In a real community, competition interacts
with dispersal and differential mortality patterns in a non-trivial way. To test for all possible
combinations of processes, factorial experiments can in theory be set up, but these are difficult.
Models provide an alternative insight into this problem. Early models of species coexistence
were built upon Lotka-Volterra equations, which describe the competition for resources. One
of the main conclusions of this approach is that two species feeding upon the same resource
cannot coexist. A number of theories have been offered to explain this apparent problem. We
have already seen that at the largest scale, dispersal and speciation play an important role,
together with environmental variations (climate, rainfall, matrix type). At such large scales,
interspecies competition is irrelevant. It becomes important, however, at smaller scales. A
simple individual-based model such as the one discussed earlier can serve as a basis to address
the issue of species richness and to provide theoretical predictions for the species-area curves.
In the simplest model, it can be shown that the species with the largest reproductive ratio
always drives all other species to extinction. However, if a tradeoff is incorporated, the species
with largest reproductive ratio also is the poorest competitor. In this case, a non-trivial
equilibrium is reached (Levins 1969, Buttel et al. in press, Chave et al. in review). Figure 6
shows the spatial arranegment of coexisting species at different instants of the simulation. A
power-law species-area relationship is observed. We observe that this relationship does not
come from the critical nature of the system. Other scaling laws for abundance distributions
have also been derived (e.g. Kinzig et al. 1999).
6. Statistical mechanics and kinetic theory

The utility of the concepts developed in the previous section make one may wonder whether
these could apply to other systems, which lack such a well-defined mathematical
representation. A crucial remark is that the large-scale patterns observed in complex adaptive
systems such as markets, social interactions, and ecosystems are generally not the mere
superposition of an assembly of organisms, but the result of interactions among these “agents.”
This situation is reminiscent of what happens in a gas: each particle performs a complex
displacement, changing its velocity and orientation during the interactions with other particles.
However, the gas as a whole has well-understood properties, and these properties are not
directly related to the history of each particle in the gas. For example, the temperature of a gas
is a purely macroscopic concept, and it does not apply at the scale of a particle.
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We here briefly sketch the method of statistical mechanics used to find the macroscopic kinetic
equations of an assembly of interacting organisms, and we shall continue to refer to the
example of gas particles. We assume that the particle is punctual, described by a position
vector x and an instantaneous velocity vector v. The elementary displacement of the particle,
δx , depends on the value of the velocity. In addition, an interaction of the particle with its
environment is recorded by a displacement (δx' , δv' ) from the position ( x, v) . The total
microscopic equation therefore is:
δx = vδt + δxe
(1)
δv = aδt + δve
where a is the acceleration of the particle. If the particle is solitary, Newton’s equation
F = ma (force exerted upon the particle equals the particle’s mass times its acceleration) closes
the description of the system. The external displacements (δxe , δve ) can be taken as random
variables, and we are left with a set of two coupled stochastic differential equations, called
Langevin equations. The vector (δxe , δve ) contains the information of the action of other
particles, while F describes other forcings (e.g. an electric force, if the particle is charged). The
global description of a large assembly of such particles requires the definition of a
configuration (or microstate). This is just the value of the vectors ( xi , vi ) , for all the particles
in the system. If we have N particles, the system has 6N free variables, and a configuration is a
point in a 6N-dimensional space called the phase space.
The heart of the kinetic theory consists in writing down the balance equation for the number of
particles contained in a small volume of this phase space (cf. Appendix). The resulting
differential equation can then transformed into Boltzmann’s equation by neglecting collision
terms (δxe , δve ) in equations (1).
In a more general setting, forms of the Fokker-Planck equation can be deduced directly when
the particles are considered as random walkers, i.e. when δVe = 0 . A large assembly of –
interacting or non-interacting – random walkers possesses important macroscopic properties. In
the non-interacting case, the dynamic equation (equation 4, appendix) becomes:
∂
∂n( X , t ) 1
(5)
= ∑
Dαβ n( X , t )
2 α , β ∂X α ∂X β
∂t
which simply is the diffusion equation. The matrix Dαβ is the covariance matrix δX eα δX eβ ,
also called the diffusion matrix (this reduces to the diffusion coefficient in one dimension of
space).
7. Analysis of multiple-scale systems

Interfacing ecological and socioeconomic systems presents fundamental challenges because the
dominant scales on which these systems operate are so different. Indeed, the problems
associated with multiple scale systems are not unique to the interface: Any ecological system
(Levin 1992) or any socioeconomic system involves the interplay of processes operating on
diverse scales of space, time and organization. Individuals are organized into families, families
into populations, populations into species, species into communities, and communities into
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global assemblages. Small-scale processes, operating typically over relatively fast time scales,
become integrated into larger scale processes, operating over longer time scales. Events in
ecological time are shaped by evolutionary processes, and in turn drive new episodes of
evolution.
These problems are not unique to these systems; scaling problems are among the most
pervasive in the physical sciences as well. General circulation models, which are used to
predict climate change and other phenomena, require translating small-scale processes into
global patterns of circulation, and in turn using those models to predict changes at local scales.
This leads to the need for multigrid methods, with varying degrees of resolution at different
spatial (and temporal scales). Temporally, the problem of multiple scales also represents an
active area of research. If the scales are sufficiently distinct, so that one may be regarded as
slow enough that its variables are constant on the fast scale, numerous methods exist, such as
singular perturbation theory, to deal with the systems. Guckenheimer (2000) identifies three
complementary approaches to such problems: nonstandard analysis, "classical" asymptotic
methods, and geometric singular perturbation theory. The development of numerical methods
to explore such phenomena is an active area of research.
When the scales in question are very different, substantial simplification is possible by treating
the variables on the slow scale as constants for the purpose of the fast-time-scale dynamics,
whose asymptotic behavior is then assumed to track the movement of the slow variables on the
slow time scale. In enzyme kinetics, this "quasi-steady-state" assumption allows one to assume
that enzyme-substrate complexes reach an "equilibrium" concentration, determined by the free
concentrations of enzyme and substrate, thereby reducing the dimensionality of the system on
the fast time scale. Formally, the mathematical justification for such assumptions are to be
found in theorems like those of Tykhonov (1952), but intuitively the idea is clear: On the fast
time scale, the slow variables are treated as constants, while on the slow time scale, the fast
variables are assumed to be in equilibrium. Through such an assumption, for example, the
classical Lotka-Volterra predation equations (with damping) collapse to a logistic equation for
the predator if it is assumed that resource dynamics are much faster than predator dynamics.
Formally, the methods of the last section should be replaced by singular perturbation methods,
which account explicitly for the relative strength of time scales. Treatment of singular
perturbation theory is beyond the scope of this paper, but the reader is referred to the excellent
discussion in Lin and Segel (1974), in which the enzyme kinetic problem is treated explicitly.
Multiple-scale methods have been very influential in economics as well, especially since the
seminal paper of Simon and Ando (1961). Simon and Ando address the problem of aggregation
into sectors, introducing formal notions of system decomposability. In particular, they focus on
"nearly decomposable" systems. Based on the network of interactions among agents or firms, a
system may be decomposed into clusters within which there is strong interaction, and among
which interactions are weak. When this is done, one treats within-cluster dynamics as
operating on fast time scales, which reach quasi-steady-states that then interact on the slower
time scale. Fisher and Ando (1971) extend this work further, dealing with "completely
decomposable" systems, whose internal dynamics may be treated as autonomous on the fast
time scale.
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Of course, there are problems with this approach, not the least of which is the validity of the
assumption of separation of scales, and the notion that clusters reach steady-states on the fast
time scale. When the asymptotic dynamics are more complicated, for example chaotic, these
simple results do not apply (but see Earn et al, 2000). Second, the approach is essentially
linear; more generally, the network of connections will not exhibit constant strengths, and
methods are poor for dealing with systems of changing connectivities. Yet the problem of
aggregation and dimensional reduction remains a central one, and a rich area of research (Ijiri
1971; Iwasa et al. 1987, 1989; Li and Rabitz 1991a,b).
When scales are separable, as in the earlier examples, the analysis on the slower time scale still
can introduce complexities. As the slow variables change, the fast equilibrium (if it exists)
may change slowly for a while, but ultimately reach thresholds (bifurcation points) at which
qualitative changes take place in the phase portrait. This may result in a discontinuous jump
from one equilibrium point to another, a transition to periodic or chaotic behavior, or other
transitions. Technically the subject of bifurcation theory, such phenomena also fueled interest
thirty years ago in catastrophe theory (Thom 1983). Catastrophe theory attempts to catalogue
the fundamental kinds of transitions that can take place. Because catastrophe theory usually did
not deal with systems with known dynamics, but tried to intuit underlying dynamics from
observed macroscopic behavior, its application generated considerable resistance, and is today
much less in evidence outside pure mathematics (Arnol’d 1986). Bifurcation theory, however,
which begins from the underlying dynamics and explores the consequences for macroscopic
behavior, is a very powerful and popular tool.
The simplest form of bifurcation in Thom's generic scheme is the cusp catastrophe, in which
one equilibrium loses stability at a critical threshold in the slow variables, and the system
jumps to a new equilibrium. Epidemic systems may fit this scheme neatly, as the level of
susceptibility in the population reaches a threshold level at which outbreaks can be sustained.
Ludwig et al (1978) exploited this structure in their consideration of the dynamics of the
economically important pest, the spruce budworm. In their model, when the budworm is at
low densities, forest quality improves on a slow time scale. When forest quality has reached a
sufficiently high level, the budworm population outbreaks, leaping from its low endemic level
to a new epidemic one. Now, with the budworm at epidemic levels, forest quality gradually
declines until it reaches a point at which the budworm can no longer be sustained; the
budworm then crashes back to endemic levels (Figure 7). This is an example of a relaxation
oscillation. The threshold for explosion is not the same as the threshold for collapse; between
the two, the system can exist in either of two quasi-steady-states, depending on history. Thus, it
exhibits hysteresis.
The cusp catastrophe has also enjoyed recent influence in the field of environmental
economics, through attention to the dynamics of lake systems, especially shallow lakes, subject
to eutrophication (e.g. Carpenter et al 1999; Arrow et al. 2000). In the shallow lake example,
the level of phosphorus is a balance between processes that inject the element into the lake
(loading), and those that clear it (purification). For intermediate levels of purification, as
phosphorus loading is increased, the system may jump from a low (oligotrophic) phosphorus
level to a high (eutrophic) one, which may be refractory to amelioration.
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The luxury of easily separable scales does not apply to all systems; obviously, when we cannot
so separate scales, the dynamics become even more complicated. For example, many systems
have intrinsic periodic dynamics, with their own natural scale of fluctuation. When such
systems, for example host-parasite systems, are forced say by annual periodicities, things are
relatively simple if the scales are very different- one fluctuation will be superimposed on top of
another. When the scales are not too different, however, the periodicities interfere with one
another, and may give rise to chaos. Chaos, of course, can also arise in systems that are
characterized by multiple endogenous periodicities, as when turbulence arises in fluid
dynamics, or chaos in population dynamics (May 1974).
So far in this section, most of the focus has been on time scales. The discussion of Simon and
Ando's work, however, makes clear that temporal and organizational scales interact, as do
spatial and temporal ones (figure 8). It is well beyond the scope of this paper to discuss the
problem of pattern formation in spatial systems, and the interplay between space and time (but
see Levin 1979, 1992). In general, however, pattern formation emerges from the interplay
between processes that break symmetry, and those that stabilize non-uniform structures. Alan
Turing, in a classic paper (Turing 1952) motivated by problems in developmental biology,
showed how local interactions could give rise to global patterns, through the interplay of
activation and inhibition. Turing hypothesized the existence of two chemicals, termed
morphogens, one an activator and the other an inhibitor. In his scheme, both chemicals diffuse,
but the inhibitor does so on a much broader scale. It is possible then to show that local (shortrange) activation breaks symmetry, and long-range inhibition stabilizes it (Segel and Levin
1976, Levin and Segel 1985). Pattern arises, then, through the interplay between processes
operating on very different scales. In general, the problem of pattern formation, and the
interplay between activation and inhibition, is of deep importance for understanding the
organization of societies and economies.
8. Synthesis: scale and complex adaptive systems

The problem of scale is by no means a purely conceptual one. Careful analyses of the scaling
properties of biological systems have had far-reaching consequences in the theory of evolution.
Similar reflections have led to major achievements in physics, for example in the study of
turbulence, and in unveiling the universal properties of systems near critical transitions. New
techniques have emerged for detecting scales (wavelet transforms), and others have exploited
the consequences of scale invariance (renormalization group methods).
It is obviously easier to derive robust experimental results with small systems than with large
ones. However, problems such as the stability of the climate of the Earth cannot be addressed
at the regional scale, and even the current globally coupled ocean-atmosphere-biosphere
models can only describe the climate of the Earth on a resolution of half a degree (~55 kms).
They capture many of the large-scale feedbacks, such as the El Nino oscillation, otherwise
inaccessible. However, the incorporation subgrid scale processes – what is going on inside the
0.5x0.5 degree cells – is of fundamental importance.

17

Chave & Levin

8/6/02

However we have here made a more ambitious proposal. We have suggested that scaling
concepts offer an avenue to study heterogeneous assemblies for which the microscopic
processes are not known, and probably not knowable (e.g. in the case of social systems), except
in terms of their statistical properties. These systems are complex adaptive systems (Levin
2000), which must be studied across levels of organization too.
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Appendix

Now, let us consider the macroscopic scale, which is experimentally accessible. Practically,
one is interested in the density of particles in a domain of size dX around a location X, and
within a range of velocity dV around V, n( X , V )dXdV . We use capital letters to avoid possible
confusion between the microscopic variables ( xi , vi ) and the macroscopic ones ( X , V ) . The
rate equation for n( X , V ) is:
n( X ' , V ' , t + δt ) = ∫ P( X ' , V ' | X , V ; δX e , δVe )n( X , V , t )dXdV
Ω

(2)

where P ( X ' , V ' | X , V ; δX e , δVe ) is the transition rate from the elementary volume around
( X , V ) in the phase space to the elementary volume around ( X ' , V ' ) . This equation describes
the dynamics of the density n( X , V ) . At this point, we are dealing with a macroscopic
equation: ( X , V ) is not the position of a particle, but that of a small volume of “fluid” made
out of a large number of particles. Well-known methods exist to transform equation (3) into a
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tractable dynamic equation. The simplest form is Boltzmann’s equation. Assuming that the
collision term (δxe , δve ) is negligible in equation (1), the microscopic description coincides
with the macroscopic one, and we rewrite (1) as:
n( X + Vδt , V + Aδt , t + δt ) = n( X , V , t )
where A is the acceleration (force per unit mass) of the element of system. This is equivalently
rewritten P ( X ' , V ' | X , V ; δX e , δVe ) = P ( X + Vδt , V + Aδt | X , V ) . Taking the limit δt → 0
yields the following differential equation
∂n( X , V , t )
∂n( X , V , t )
∂n( X , V , t )
+ ∑ Vα
+ ∑ Aα
=0
(3)
∂t
∂X α
∂Vα
α
α
where X = { X 1 , X 2 , X 3 } . Now, if collisions are present, we can generalize equation (3) by:
∂n( X , V , t )
∂n( X , V , t )
∂n( X , V , t ) ∂n( X , V , t )
+ ∑ Vα
+ ∑ Aα
=
∂t
∂X α
∂Vα
∂t
α
α
coll
This is Boltzmann’s equation. Of course, the interesting part of this equation is the right-hand
term, and one must deduce it from the microscopic laws (1) and from the conservation of
2
2
momentum ( m1v1 + m2 v2 = cte ) and of kinetic energy ( m1v1 + m2 v2 = cte ) during a collision.
This can be carried out using macroscopic arguments, as in the Chapman-Enskog derivation
(Chandrasekar 1943). A partial differential equation, the Fokker-Planck equation, can be used
as an alternative kinetic equation in certain limiting cases:


1 
∂n( X , V , t ) 
∂
∂
∂
Vα + ∑
Aα n( X , V , t ) = ∑
+ ∑
Γαβ n( X , V , t ) (4)
2 α ,β ∂Vα ∂Vβ
∂t

α ∂Vα
 α ∂X α


Equation (4) is valid in the absence of random hops ( δX e = 0 ). In this case, the matrix Γαβ is
the covariance matrix δVeα δVeβ . For a discussion of this approach for natural systems, see
Flierl et al. (1999) and Levin (2001). The above procedure can also be directly derived from
the microscopic theory by constructing the Liouville equation, a microscopic equivalent of
equation (3), in which collisions are added. This procedure is due to Bogoliubov (1946), and
often referred to as the BBGKY procedure (after its authors, Bogoliubov, Born, Green,
Kirkwood, and Yvon; see Ferziger and Kaper 1972).
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Figure Captions
Figure 1: Two classic examples of fractals. Top: first three stages in the construction of von
Koch’s snowflake fractal (from left to right). The total area increases as the procedure iterates.
Assuming that the first-stage figure has an area A0, the second-stage triangle has an area
A0 + 3 A1 = A0 + 3 / 9 A0 = 4 / 3 A0 . More generally the nth-stage figure has an area

(1 + 3 / 5(1 − (4 / 9) ))A , which tends to 8 / 5 A
n +1

as n goes to infinity. The perimeter, however,
is unbounded, as its length is multiplied by 4/3 from one stage to the next. The fractal
dimension of the von Koch fractal is ln(4) / ln(3). Bottom: fractal structure of the coastline of
Norway.
0

0

Figure 2: Metabolic rate versus body mass for mammals and birds, logarithmic axes.
Reproduced from Calder (1983) ASK FOR PERMISSION
Figure 3: Species area curve for vascular plant species, for 316 islands, regions, or continents
(after Williams 1964, Major 1988, and Prance 1978, 1994). The rightmost point is a recent
estimate of the number of vascular plants on Earth (320,000 species). Note that both axes are
logarithmic. A best fit with a power-law function gives S = cA z , with z = 0.23 . The apparent
convexity of the dataset is probably due to the under-representation of the tropical biome.
Figure 4: Detecting the scales in the Standard & Poor’s 500 financial daily index, from 1928
to 1997 (data from Mills 1999). Left, top panel: standardized normalized S&P500, ( x − x) / x ,

where x is the daily index and x is the annual index (running average). Right, top panel:
Fourier spectrum S (ω ) of the time series. The spectrum decreases with frequency (i.e. large
fluctuations are more rare) like a power law S (ω ) ≈ ω −0.93 . Left, bottom panel: correlation
function for the temporal signal. The correlation has a characteristic time of about a year.
Right, bottom panel: histogram of the temporal signal. The data are obviously skewed towards
the right, and non-normal.
Figure 5: Description of the real-space renormalization procedure for the bond percolation
problem used by Reynolds et al. (1977). Left: step 1 corresponds to a change in scale, from
scale 2k to scale 2k+1. Step 2 corresponds to the renormalization procedure. During this
procedure, an eight-bond cell is replaced by a two-bond cell. Right: examples of the
renormalization of a few of the possible 8-bond cells. The renormalization rule is identical for
the horizontal bond and for the vertical bond: if there exists an open path from the left to the
right then the renormalized horizontal bond is open.
Figure 6: Output of a spatially-explicit model of biodiversity: the tradeoff model. Each species
possesses a different death rate and the same birth rate. Species with the smallest death rate are
at an advantage over the other. However, these species are poorer competitors: when they
compete for a site with a species with a larger death rate, they always loose. At early times
(t=16 to t=64), there is little interspecific competition, and monospecific domains grow as in
the supercritical contact process. However, at later times, competition becomes important, and
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strategies with a large death rate, but with little habitat limitation, are increasingly often
observed.
Figure 7: Spruce budworm and cusp bifurcation. A: equilibria of the spruce budworm-forest
interaction (circles). The central circle is unstable, while the two other equilibria are stable. R
is the reproductive rate of the budworm. B: cusp bifurcation. Depending on the slope and on
the position of the straight line in panel A, one or three equilibria can be found. The curve
separating these two regimes is cusp-shaped. Adapted from Ludwig et al. (1978).
Figure 8: Zooplankton biomass variability across scales (Stommel diagram). Processes are
mostly observed along a straight line of increasing spatial and temporal scales. After Haury et
al. (1978), reprinted in Levin (1992).
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