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In a recent issue of this journal, Olof Johansson-Stenman (Johansson-Stenman
2000) had an interesting article on welfare wheights which gave me reason to
revisit some earlier thoughts of mine (Mäler (1974) and Mäler (1985)).
I will discuss preferences over commodity bundles (x, Q), where x is a vector
of net demand for marketed goods and services for which households are not
rationed, while Q is a vector of goods and services which are rationed. Typically,
we will interpret Q as a vector of environmental qualities. Furthermore, we
will assume that Q is a vector of collective goods, that is all households face the
same environment (we can always avoid this interpretation by introducing named
goods).
Let there be H individuals, each with a preference order h . From this
preference order we deﬁne the strict order h and indiﬀerence ∼h . The problem
is to aggregate these H preference orders to a social preference order :
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Let uh be a utility representation of h , h = 1, ..., H . Such a utility representation
is not unique and with any monotonically increasing function θh(.), θh (uh (.)) is
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a utility function representing the same preferences. A family of useful utility
functions can be obtained in the following way1 Let me assume that all goods
are goods, that is more is always prefered to less of each good. This implies that
there is no satiation. Let p be a strictly positive vector and deﬁne eh from
eh (p, Q, y )

= min{px; (x, Q)  (y, Q)}
(1)
Given the vectors (p, Q), eh will associate with each vector (y,Q) a real number
which can be interpreted as the utility of the bundle y.
Before we come to the main argument in this note we need the concept of an
indirect utility function.
Given the utility function uh(xh, Q)), the individual behaves as if she maximizes utility subject to the budget constraint px  I h, where p is the price vector
and I the income of household h. This maximization give rise to the Marshallian
demand functions
= xh (p, Q, I h)
Substituting these functions into the utility function yields the indirect utility
functions
h

x

v

h

(p, Q, I h) ≡ uh (xh(p, Q, I h ), Q)

Let the social welfare preference order be deﬁned by a Samuelson-Bergson
welfare function 2 W.
), ..., uH (xH , Q )) ≥ W (u1(y1, Q”), ..., uH (yH .Q”)) (2)
As the individual preferences are ordinal and as the social preferences also are ordinal, it follows that a monotonically increasing transformation of individual utility functions should not change the social preferences3. A particular Samuelsonx
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H. Uzawa was probably the ﬁrst who used this method (Uzawa 1960).
See Bergson (1938) and Samuelson (1947). The meaning of a Bergson-Samuelson welfare
function is not always clear, see for example Sen (1986).
3 Johansson-Stenman claims that ”At least since Samuelson’s classic text, it has been wellknown that ...that consumer choices under ceretainty are independent of any positive monotonic
transformation of the utility function. However, even at that time it was also clear that such
transformations are generally not permissible in welfare analysis where some aggregated utility
or welfare measure is used.” Compare this with the following sentence from Samuelson’s classical book p. 228: But the W function is itself only ordinaly determinable so that there are an
inﬁnity of equally good indicators of it which can be used. Even in Graaf’s classical textbook
(DeGraaf 1957), one can ﬁnd similar remarks (pp. 35-38). Thus it is not at all clear from
earlier writers that one needs cardinality as soon as we use a social welfare function! The major
point with this note is that as long we limit ourselves to certain and à temporal analysis, we
can build the whole analysis on ordinality.
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Bergson welfare function is deﬁned for a set of particular utility representations

must change
the corresponding welfare function in order not to change the social preferences.
Thus, if we subject individual utility function uh to the monotonically increasing
transformation θh , W((.), ..., (.)) must change4 into
of the individual preferences. If we change these representations, we

−1
−1
W (θ1 (.), ..., θH (.))

where θh−1 is the inverse of θh . It is clear that with this welfare function and
with the transformations θh, we will have the original social order, as
−1
−1
W (θ1 (θ1 (u1)), ..., θH (θ H (uH )))

≡ W (u1, ..., uH )

Why are we interested in subjecting utility functions to monotonically increasing transformations? The answer is that some utility representations are easier
to deal with than others. By making a transformation, we may end up with a
particularly simple utility representation. The class of simplest utility representations is probably the class of representations such that utility can be measured
in monetary terms. If we, in the construction of the utility function eh above,
let the vector p represent the market prices in the original situation and Q the
supply of the arationed goods in the initial situation, the corresponding utility
diﬀerences will represent the equivalent variation of the corresponding changes in
the economic environment ( and if we are comparing two situations and p and Q
correspond to the second situation, the utility diﬀerence will correspond to the
compensating variation).
By substituting the indirect utility function vh (.) for the direct utility function, we have an induced preference order on the price vector p and the income
distribution (I 1, ..., I H ) deﬁned by
V (p, Q, I 1, ..., I H ) ≡ W (v1 (p.Q, I 1 ), ..., vH (p, Q, I H ))

It is routine to show that
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∂pj
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(3)

(4)

These equalities are intuitively obvious. The social planner would ﬁnd social welfare unchanged if an increase in the price of a good with one unit is compensated
4 This was observed by Paul Samuelson in Foundations of Economic Analysis (Samuelson
1947) and by de Graaf (DeGraaf 1957).
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with income increases for all households with the cost of one unit of the same
good. For a proof of 4 the reader is referred to Mäler (1974) .
It is interesting to note that if we start with the indirect social welfare function
1
H
V (p, I , ..., I ) and impose on it condition 4 , one can show that this indiret
welfare function can be derived from a direct welfare function (Mäler 1974). As
it is easier in applied studies to start with the indirect social welfare function, we
will discuss some of its properties.
First of all, note that V should be interpreted in an ordinal sense, that
is, whenever we subject V to a monotonically increasing transformation, the
new indirect social welfare function is as relevant as the original one. However,
concavity is not a property that is invariant for monotone transformation, and
concavity can therefore not be imposed on V as a function of incomes. Typically,
concavity is imposed because it represents a desire for equity. Quasi concavity
will, however, have the same implications. Thus, if the social preferences are
such that, ceterus paribus, a more equitable distribution is preferred, then it
make sense to assume V is quasiconcave in I = (I 1, ..., I H ).This implies that the
level sets L = {I 1, ..., I H ; V (I 1, ..., I H , p)  A} for given pricevector p and for
all A are convex and a lump sum redistribution of income such that the total
income does not decrease and which would reduce income inequality will be an
improvement of social welfare.
Consider now an initial situation A, characaterised by (p , Q , I ) and a ﬁnal
situation B, characterised by (p , Q , I ). What is the welfare change if the
economy goes from A to B? The individual utility changes are given by
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By using the expenditure function, we can get an equivalent (but of course not
an identical numerical) representation of this change:
∆eh =
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(6)

But this last equation is nothing but the equivalent variation for the change from
A to B. Thus, this representation of the individual change in utility is simply the
equivalent variation EVh of the change.
Similarly, we can also represent the utility change as the compensating variation:
4

∆eh =
=
=
=


) − eh(p , Q , uh ) =
h
I
− eh(p , Q , uh ) =
h
I
− eh(p , Q , uh ) + (I h − I h ) =
h
h
h
h
h
e (p , Q , u ) − e (p , Q , u ) + ∆I
h

e

(p



h





,Q ,u





































(7)

Obviously, this is the compensating variation (with conventional deﬁnitions of
the compensating variation, this is the negative of CVh.
Obviously, we could have started with any arbitrary feasible price vector p
and and feasible supply of rationed goods Q, and m(p, Q, u) would be a valid
utility representation of the underlying preferences.
In order to continue, let us decide to use the utility representation given
by the equivalent variation (it would be extremely easy to instead use, say the
compensating variation or any other representation based on the expenditure
function). With these utility representations, the social welfare function will be
denoted WEV . The change in social well-being can now be written
∆WEV =
=

EV − WEV =
1
1
H
H )) −
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(9)

This can be approximated by a linear expression if the change from A to B is
small:
∆WEV


≈
H

h=1

∂WEV
EV h
h
∂e

(10)

The weights, ∂W
∂eh , are of course depending on the utility representation, and a
change in this representation will of course change these weights! For example,
with the CV representation, the wheigts will be diﬀerent, as they should in order
to guarantee that the welfare change should have the same sign as it has when
we are using the EV representation.
Assume that the socialwelfare function is quasiconcave for one utility representation, it easy to see that it must be quasiconcave for all such utility representations of individual preferences. The degree of quasiconcavity is a measure
of the social preferences for a more even ”utility” distribution. In the case society has no preferences for the distribution of utilities (as represented say by
the EV, the weights will be constant and equal for all individuals. However, for
another utility representation, the weights will be diﬀerent and not necessarily
equal across the population. The reason is of course that when we go from say
5

the CV representation to the EV representation, we are subjecting the utilities to
a non-linear monotonic transformation. If we insist that the welfare weights must
be equal, we are forced to reject the idea of an ordinal representation and instead
we have to work with a cardinal one. in which only linear transformations are
acceptable. But there is no reason why we should insist on that. And if we do
not insist, then we just have to take note that the welfare weights will vary with
the utility representations, and as long as we do not try to mix diﬀerent utility
representations, everything will work out correctly!
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